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CENTRAL CHARGES OF T-DUAL BRANES FOR TORIC
VARIETIES
BOHAN FANG
Abstract. Given any equivariant coherent sheaf L on a compact semi-positive
toric orbifold X , its SYZ T-dual mirror dual is a Lagrangian brane in the
Landau-Ginzburg mirror. We prove the oscillatory integral of the equivariant
superpotential in the Landau Ginzburg mirror over this Lagrangian brane is
the genus-zero 1-descendant Gromov-Witten potential with a Gamma-type
class of L inserted.
1. Introduction
Mirror symmetry relates Gromov-Witten invariants to more classical objects
such as period integrals. For an n-dimensional toric orbifold X , its mirror is a
Landau-Ginzburg model W ∶ (C∗)n → C, where the superpotential W is a Laurent
polynomial.
There are many ways to extract Gromov-Witten invariants from this B-model,
like quantum cohomology [13, 14, 39] and genus-zero descendant invariants [6, 7,
17–19, 31–33]. In this paper, we would be particularly interested in what the fol-
lowing integration says about the A-model Gromov-Witten theory:
(1) ∫
Ξ
e−
W
z Ω, Ω =
dX1
X1
. . .
dXn
Xn
.
1.1. Motivation. This paper is motivated from several aspects.
1.1.1. SYZ T-duality and homological mirror symmetry. Kontsevich’s homological
mirror symmetry [26, 27] relates the bounded derived category of coherent sheaves
on a complete toric variety (or orbifold) X to the derived Fukaya-Seidel type cate-
gory of its mirror Landau-Ginzburg model. There is a correspondence
DFS((C∗)n,W ) ≅DbCoh(X).
Here FS is a kind of Fukaya-Seidel category, and Coh is the category of coherent
sheaves. This statement is proved using different setups of Fukaya-Seidel categories
[1, 10].
There are more structures in these categories of branes. There should be a BPS
central charge or simply central charge associated to each brane, either in A or
B-model. These central charges play important roles in the stability conditions of
Bridgeland [4].
The canonical central charge of a Lagrangian submanifold Ξ in a Calabi-Yau
manifold (an A-brane) is the integration of the Calabi-Yau form
∫
Ξ
Ω.
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The choice of the central charge reflects the complex structure of the Calabi-Yau
manifold, manifested by the Calabi-Yau form here. On the mirror side the central
charge of a B-model brane a.k.a. a coherent sheaf is part of the stability condition
which in principle should specify the stringy Ka¨hler structure. The definition should
involve the quantum correction by Gromov-Witten invariants. In [20], Hosono
prescribes the central charges formula for certain Calabi-Yaus. The formula for a
B-brane involves a hypergeometric series which comes from Gamma classes [22,25]
and mirror symmetry’s I-function. These central charges for the A and B-branes
should be equal under mirror symmetry.
In this paper we will look at the central charges for the mirror pair of a complete
semi-positive toric orbifold and its mirror Landau-Ginzburg model. We express the
central charge of a brane in DbCoh(X) as a genus-zero descendant Gromov-Witten
potential as in [22], and prove it is equal to the integral (1) on the mirror Lagrangian
brane in the Landau-Ginzburg model (central charge on the Lagrangian brane).
1.1.2. Integral structures. Iritani extensively investigates the oscillatory integral
(1) in [22]. The integral cycles Ξ ∈ Hn(X,Re(W ) ≫ 0;Z) form a B-model inte-
gral structure. The genus-zero Gromov-Witten defines the quantum cohomology
(H∗CR(X), ○τ ). The quantum D-module is a flat connection on the trival bundle
H∗CR(X) ×H∗CR(X) →H∗CR(X) with a parameter z ∈ C∗, called the Dubrovin con-
nection
∇α = ∂α +
1
z
α○τ , α ∈H
∗
CR(X).
This connection can be extended to a flat connection on the trivial H∗CR(X)-bundle
on H∗CR(X)×C∗. For any V ∈K(X), one associates a flat section Z(V )(τ , z). All
such Z(V ) define an integral lattice in the space of flat sections of ∇. The B-
model D-module and its integral structure is naturally generated by the lattice
Hn(Yq,Re(W /z) ≫ 0;Z), where Yq ≅ (C∗)dimX is the mirror Landau-Ginzburg
model of X , parametrized by the complex parameter q. The identification of the
D-modules also identifies such integral structures [22].
As noted in [22], the correspondence should come from homological mirror sym-
metry. Indeed, Iritani proves the identification of the integral structures by first
studying the case when V is either OX or the skyscraper sheaf. In either case,
the corresponding cycle Ξ in Equation (1) is the Strominger-Yau-Zaslow dual to
V [2, 30, 37], i.e. cotangent fiber (viewing Yq ≅ (C∗)n = T ∗(S1)n) or the base
(S1)n ⊂ Yq. This identification follows the theme of homological mirror symmetry
for toric varieties [1, 9–11]. Let Z(V ) be the integration of Z(V ) over X (pair-
ing with X ’s fundamental class). The value of Z(V ) is directly computed as a
descendant potential
Z(V ) = ⟪ Γz(V )
z(z +ψ)⟫
X
0,1,
where Γz is a transcendental characteristic class involving the Gamma function.
On the B-side, for example when V is the structure sheaf OX , Iritani obtains the
following under the mirror map when τ ∈H≤2CR(X ;C)
Z(OX ) = ∫
Ξ(OX )
e−W /zΩ.
Here SYZ dual Ξ(OX ) is (R>0)n ⊂ Yq ≅ (C∗)n. Homological mirror symmetry
says Ξ(OX ) is the Lagrangian brane in the Landau-Ginzburg model mirror to the
coherent sheaf OX in DbCoh(X). Moreover, Iritani also matches Galois actions on
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A and B-sides to generate and match all integral structures, i.e. two “tensoring a
line bundle” operations on both sides.
In this paper, we develop this correspondence of central charges more carefully.
We show an equivariant version of the above correspondence with an explicit de-
scription of Ξ(L) for any L ∈ DbCohT(X), the derived category of equivariant
coherent sheaves on X . 1 The explicit description of Ξ(L) is the same as the
Lagrangian brane obtained in the theorem of homological mirror symmetry of [10].
1.2. Main theorem.
Theorem. Let X be a proper semi-positive toric orbifold, W̃ be the equivariantly
perturbed superpotential, which is a holomorphic function on the universal cover Ỹq
of Yq . Under the mirror map τ = τ(q0, q) (as in [17–19,31–33])
⟪ κ(L)
z(z +ψ)⟫
X
0,1 = ∫
Ξ(L)
e−
W̃
z Ω.
The symbol ⟪⟫X0,1 is the notation of genus-zero primary and descendant Gromov-
Witten potential with 1 marked point (see Definition 5.1). Here Ξ(L) is a piecewise
linear conical Lagrangian cycle in Ỹq, and is the conical limit of the equivariant
SYZ T-dual brane of L.2
Remark 1.1. The class κ(L) related to an equivariant version of the Gamma class
(12).
Remark 1.2. This theorem should have some implications, at least in principle, on
the Gamma II conjecture proposed by Galkin-Golyshev-Iritani [15] for semi-positive
complete toric orbifolds. A proof of the K-theoretic version is in [16, p19]. Such
conjecture states when the non-equivariant quantum cohomology is semisimple,
like in the complete toric case, the fundamental solutions to the QDEs have certain
asymptotic behavior prescribed by the non-equivariant limit of κ-classes of coherent
sheaves in an exceptional collection of DbCoh(X). The existence of the exceptional
collection in the toric case is known [24], while recent works [29,41] allow us to take
non-equivariant limit for coherent-constructible correspondences (see also [28, 36,
40]).
Remark 1.3. One can simply integrate over the SYZ T-dual brane SYZ(L) instead
of Ξ(L) and get the same result since it is homotopic to and has the same asymptotic
behavior as Ξ(L) (see Remark 3.8).
Remark 1.4. In [12], Liu, Zong and the author directly compute the oscillatory
integrals when X is P1. Combining with the Eynard-Orantin recursion, one can
obtain all genus descendant potentials of P1 by integrating the Eynard-Orantin
higher genus invariants over the suitable cycles.
1.3. Outline. We fix the notion of compact semi-positive toric orbifolds in Section
2, and recall some basic facts of homological mirror symmetry for complete toric
orbifolds in Section 3. In Section 4 we compute the oscillatory integrals by fixing
the coefficients due to the fact that the integral is a solution to the GKZ system.
We prove the main theorem in Section 5 by invoking the genus-zero mirror theorem
of Givental and Lian-Liu-Yau [17–19,31–33].
1For the cycle mirror to the structure sheaf, Iritani computes Z(OX ) equivariantly first and
then takes non-equivariant limit.
2A conical set is a dilation-invariant set in certain direction. See Definition 3.1.
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2. Smooth Toric DM Stacks
In this section, we follow the definitions in [22, Section 3.1], with slightly different
notation. We work over C.
2.1. Definition. Let N ≅ Zn be a finitely generated free abelian group, and let
NR = N ⊗Z R. We consider complete toric orbifolds which have trivial generic
stabilizers. A toric orbifold is given by the following data:
● vectors b1, . . . , br′ ∈ N . We require the subgroup ⊕r′i=1Zbi is of finite index
in N .
● a complete simplicial fan Σ in NR such that the set of 1-cones is
{ρ1, . . . , ρr′},
where ρi = R≥0bi, i = 1, . . . , r′.
The datum Σ = (Σ, (b1, . . . , br′)) is the stacky fan [3]. We choose additional vectors
br′+1, . . . , br such that b1, . . . , br generate N . There is a surjective group homomor-
phism
φ ∶ Ñ ∶= ⊕ri=1Zb̃i Ð→ N,
b̃i ↦ bi.
Define L ∶= Ker(φ) ≅ Zk, where k ∶= r − n. Then we have the following short exact
sequence of finitely generated abelian groups:
(2) 0→ L ψÐ→ Ñ φÐ→ N → 0.
Applying −⊗Z C∗ and Hom(−,Z) to (2), we obtain two exact sequences of abelian
groups:
1→ G→ T̃→ T→ 1,(3)
0→M φ
∨
→ M̃ ψ
∨
→ L∨ → 0,(4)
where
T = N ⊗Z C∗ = N ⊗Z C∗ ≅ (C∗)n, T̃ = Ñ ⊗Z C∗ ≅ (C∗)r, G = L⊗Z C∗ ≅ (C∗)k,
M = Hom(N,Z) = Hom(T,C∗), M̃ = Hom(Ñ ,Z) = Hom(T̃,C∗), L∨ = Hom(L,Z) = Hom(G,C∗).
The action of T̃ on itself extends to a T̃-action on Cr = SpecC[Z1, . . . , Zr]. The
group G acts on Cr via the group homomorphism G→ T̃ in (3).
Define the set of “anti-cones”
A = {I ⊂ {1, . . . , r} ∶ ∑
i∉I
R≥0bi is a cone of Σ}.
Given I ∈ A, let CI be the subvariety of Cr defined by the ideal in C[Z1, . . . , Zr]
generated by {Zi ∣ i ∈ I}. Define the toric orbifold X as the stack quotient
X ∶= [UA/G],
CENTRAL CHARGES OF T-DUAL BRANES FOR TORIC VARIETIES 5
where
UA ∶= Cr/ ⋃
I∉A
CI .
X contains the torus T ∶= T̃/G as a dense open subset, and the T̃-action on UΣ
descends to a T-action on X .
2.2. Line bundles and divisors on X . Let D̃i be the T̃-divisor in Cr defined by
Zi = 0. Then D̃i ∩ UA descends to a T-divisor Di in X . We have
M̃ ≅ Pic
T̃
(Cr) ≅H2
T̃
(Cr;Z),
where the second isomorphism is given by the T̃-equivariant first Chern class (c1)T̃.
Define3
wi = −(c1)T̃(OCr(D̃i)) ∈H2T̃(Cr;Z) ≅H2T([Cr/G];Z) ≅ M̃,
D¯Ti = (c1)T(OX (Di)), D¯T̃i = (c1)T̃(OX (Di)).
Then {−w1, . . . ,−wr} is a Z-basis of H2T̃(Cr;Z) ≅ M̃ dual to the Z-basis {̃b1, . . . , b̃r}
of Ñ . Notice that D¯Ti = 0 and D¯
T̃
i = 0 for i = r
′ + 1, . . . , r. We have
PicT(X ) ≅H2T(X ;Z) ≅ M̃/⊕ri=r′+1 ZDTi ,
H2T(X ;Z) =
r′
⊕
i=1
ZD¯Ti ≅ Z
r′ .
We also have group isomorphisms
L∨ ≅ PicG(Cr) ≅H2G(Cr;Z),
where the second isomorphism is given by the G-equivariant first Chern class (c1)G.
Notice that a character χ ∈ L∨ defines a line bundle on X
Lχ = {(z, t) ∈ UA ×C/(z, t) ∼ (g ⋅ z,χ(g) ⋅ t), g ∈ G},
where G acts on UA as a subgroup of T̃. There is a canonical T̃-action on Lχ which
acts diagonally on Cr and trivially on the fiber. Define
Di = (c1)G(OCr(D̃i)) ∈H2G(Cr;Z) ≅ L∨,
D¯i = c1(OX (Di)) ∈H2(X ;Z).
We have
Pic(X ) ≅H2(X ;Z) ≅ L∨/⊕ri=r′+1 ZDi.
The map
ψ¯∨ ∶ PicT(X ) ≅H2T(X ;Z) → Pic(X ) ≅H2(X ;Z)
is descends from ψ∨ ∶ Pic
T̃
(Cr;Z) ≅ M̃ → PicG(Cr;Z) ≅ L∨ and satisfies
ψ¯∨(D¯Ti ) = D¯i i = 1, . . . , r′.
3The minus sign in the definition of wi is a convention for the purporse of matching the B-model
oscillatory integrals. See Section 4.
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2.3. Torus invariant subvarieties and their generic stabilizers. Let Σ(d) be
the set of d-dimensional cones. For each σ ∈ Σ(d), define
Iσ = {i ∈ {1, . . . , r} ∣ ρi /⊂ σ} ∈ A, I ′σ = {1, . . . , r} ∖ Iσ.
Let V˜ (σ) ⊂ UA be the closed subvariety defined by the ideal of C[Z1, . . . , Zr] gen-
erated by
{Zi = 0 ∣ ρi ⊂ σ} = {Zi = 0 ∣ i ∈ I ′σ}.
Then V(σ) ∶= [Ṽ (σ)/G] is an (n − d)-dimensional T-invariant closed subvariety of
X = [UA/G].
Let
Gσ ∶= {g ∈ G ∣ g ⋅ z = z for all z ∈ Ṽ (σ)}.
Then Gσ is the generic stabilizer of V(σ). It is a finite subgroup of G. If τ ⊂ σ then
Iσ ⊂ Iτ , so Gτ ⊂ Gσ. There are two special cases. If σ ∈ Σ(n) where n = dimCX ,
then pσ ∶= V(σ) is a T fixed point in X , and pσ = BGσ.
2.4. The extended nef cone and the extended Mori cone. In this paragraph,
F = Q, R, or C. Given a finitely generated free abelian group Λ ≅ Zm, define
ΛF = Λ ⊗Z F ≅ Fm. We have the following short exact sequences of vector spaces
(⊗F with Equation (2) and (4)):
0→ LF → ÑF → NF → 0,
0→MF → M̃F → L∨F → 0.
Given a maximal cone σ ∈ Σ(n), we define
K∨σ ∶= ⊕
i∈Iσ
ZDi.
Then K∨σ is a sublattice of L
∨ of finite index. We define the extended nef cone ÑefX
as below
Ñefσ = ∑
i∈Iσ
R≥0Di, ÑefX ∶= ⋂
σ∈Σ(n)
Ñefσ.
The extended σ-Ka¨hler cone C̃σ is defined to be the interior of Ñefσ; the extended
Ka¨hler cone of X , C̃X , is defined to be the interior of the extended nef cone ÑefX .
Let Kσ be the dual lattice of K
∨
σ; it can be viewed as an additive subgroup of
LQ:
Kσ = {β ∈ LQ ∣ ⟨D,β⟩ ∈ Z ∀D ∈ K∨σ},
where ⟨−,−⟩ is the natural pairing between L∨Q and LQ. We have Kσ/L ≅ G. Define
K ∶= ⋃
σ∈Σ(n)
Kσ.
Then K is a subset (which is not necessarily a subgroup) of LQ, and L ⊂ K.
We define the extended Mori cone ÑEσ ⊂ LR to be
ÑEX ∶= ⋃
σ∈Σ(n)
ÑEσ, ÑEσ = {β ∈ LR ∣ ⟨D,β⟩ ≥ 0 ∀D ∈ Ñefσ}.
Finally, we define extended curve classes
Keff,σ ∶= Kσ ∩ ÑEσ, Keff ∶= K ∩ ÑE(X ) = ⋃
σ∈Σ(n)
Keff,σ.
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Assumption 2.1 (semi-positive (Weakly Fano) condition). From now on, we as-
sume that we may choose br′+1, . . . , br such that ρˆ ∶= D1 + ⋅ ⋅ ⋅ +Dr is contained in
the closure of the extended Ka¨hler cone C̃X .
Remark 2.2. We make the above assumption so that the equivariant mirror the-
orem in [6, 7] has an explicit mirror map.
2.5. The inertia stack and the Chen-Ruan cohomology. Given σ ∈ Σ, define
Box(σ) ∶= {v ∈ N ∶ v = ∑
i∈I′σ
cibi, 0 ≤ ci < 1}.
If τ ⊂ σ then I ′τ ⊂ I
′
σ, so Box(τ) ⊂ Box(σ).
Given a real number x, let ⌊x⌋ be the greatest integer less than or equal to x, ⌈x⌉
be the least integer greater or equal to x, and {x} = x− ⌊x⌋ is the fractional part of
x. Define v ∶ Kσ → N by
(5) v(β) = r∑
i=1
⌈⟨Di, β⟩⌉bi = ∑
i∈I′σ
{−⟨Di, β⟩}bi,
so v(β) ∈ Box(σ). Indeed, v induces a bijection Kσ/L ≅ Box(σ).
For any τ ∈ Σ there exists σ ∈ Σ(n) such that τ ⊂ σ. The bijection Gσ → Box(σ)
restricts to a bijection Gτ → Box(τ). Define
Box(Σ) ∶= ⋃
σ∈Σ
Box(σ) = ⋃
σ∈Σ(n)
Box(σ).
There is a bijection K/L→ Box(Σ).
Given v ∈ Box(σ), where σ ∈ Σ(d), define ci(v) ∈ [0,1) ∩Q by
v = ∑
i∈I′σ
ci(v)bi.
Suppose that k ∈ Gσ corresponds to v ∈ Box(σ) under the bijection Gσ ≅ Box(σ),
then
χi(k) =
⎧⎪⎪⎨⎪⎪⎩
1, i ∈ Iσ,
e2π
√−1ci(v), i ∈ I ′σ.
Define
age(k) = age(v) = ∑
i∉Iσ
ci(v).
Let IU = {(z, k) ∈ UA×G ∣ k ⋅z = z}, and let G acts on IU by h ⋅(z, k) = (h ⋅z, k).
The inertia stack IX of X is defined to be the quotient stack
IX ∶= [IU/G].
The inertial stack IX comes with a projection map pr ∶ IX → X . Note that
(z = (Z1, . . . , Zr), k) ∈ IU if and only if
k ∈ ⋃
σ∈Σ
Gσ and Zi = 0 whenever χi(k) ≠ 1.
So
IU = ⋃
v∈Box(Σ)
Uv,
where
Uv ∶= {(Z1, . . . , Zm) ∈ UA ∶ Zi = 0 if ci(v) ≠ 0}.
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The connected components of IX are
{Xv ∶= [Uv/G] ∶ v ∈ Box(Σ)}.
The involution IU → IU , (z, k) ↦ (z, k−1) induces involutions inv ∶ IX → IX and
inv ∶ Box(Σ) → Box(Σ) such that inv(Xv) = Xinv(v). Define the T-fixed point
pσ,v = pr
−1(pσ) ∩Xv.
In the remainder of this subsection, we consider rational cohomology, and write
H∗(−) instead ofH∗(−;Q). The Chen-Ruan orbifold cohomology, as a vector space,
is defined to be [5, 42]
H∗CR(X ) = ⊕
v∈Box(Σ)
H∗(Xv)[2age(v)].
Denote 1v to be the unit in H
∗(Xv). Then 1v ∈ H2age(v)CR (X ). In particular,
H0CR(X ) = Q10.
Since X is proper, the orbifold Poincare´ pairing on H∗CR(X ) is defined as
(6) (α,β) ∶= ∫IX α ⋅ inv
∗(β),
We also have an equivariant pairing on H∗CR,T(X ):
(7) (α,β)T ∶= ∫IXT α ⋅ inv
∗(β),
where
∫IXT ∶H
∗
CR,T(X )→H∗T(point) =H∗(BT)
is the equivariant pushforward to a point. Here the dot ⋅ (sometimes omitted) is
the usual product in H∗(IX ) as the same vector space as H∗CR(X ). The product
in the Chen-Ruan cohomology, as defined in [5] or for many cases [42], does not
explicitly appear in this paper.
3. The mirror of a toric orbifold
3.1. Coherent-constructible correspondence and HMS: a quick review.
The equivariant mirror to X is a Landau-Ginzburg model ((C∗)n,W ), where W ∶
(C∗)n → C is the holomorphic superpotential function. To consider the equivariant
information on X , one needs to consider the universal cover of (C∗)n. As a sym-
plectic manifold, this (C∗)n is naturally identified with Y = T ∗(MR/M) ≅ T ∗(S1)n,
and its universal cover Cn is identified with Ỹ = T ∗MR = NR ×MR.
For any τ ∈ Σ, let Nτ be the sublattice of N generated by bi ∈ τ , and Mτ =
Hom(Nτ ,Z). Define τ⊥χ = {u ∈MR∣⟨v, u⟩ = χ(v), v ∈ τ}.
Definition 3.1. Let U be a real manifold. We say a set in T ∗U is conical if it is
invariant under the dilation (v, u)↦ (tv, u) where u ∈ U , v ∈ T ∗v U and t ∈ R>0.
The stacky fan Σ defines the following conical Lagrangian in T ∗MR =NR ×MR.
ΛΣ = ⋃
τ∈Σ
⋃
χ∈Mτ
(−τ) × τ⊥χ ,
We embed ρ ∶ T ∗MR ↪ T ∗MR = {(v, u) ∈ T ∗MR∣∥v∥ ≤ 1} by
(v, u)↦ ( v√
1 + ∥v∥2 , u).
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Here v ∈ NR and u ∈MR. The infinity part of Λ
∞
Σ
= ΛΣ/ΛΣ is piecewise Legendrian
in the contact boundary unit sphere bundle T∞MR = T ∗MR/T ∗MR.
We refer the reader to [9–11] for the details of homological mirror symmetry,
and only recall the relevant parts here. Let DbCohT(X ) be the derived category of
equivariant coherent sheaves on X , and letDbShcc(MR;ΛΣ) be the derived category
of compactly supported constructible sheaves on MR whose singular supports are
subsets of ΛΣ. Define Fuk(T ∗MR;ΛΣ) be the derived zunwrapped Fukaya category
(in the sense of [34, 35]) of T ∗MR of horizontally compactly supported Lagrangian
branes L such that their infinity parts L∞ ⊂ Λ∞
Σ
. The homological mirror symmetry
of Fang-Liu-Treumann-Zaslow [9,10] could be summarized in the following diagram
of quasi-equivalence functors.
Theorem 3.2. There is an exact quasi-equivalent functor κ as in the following
diagram. Combined with the microlocalization functor µ, which is also exact and an
equivalence ([34,35]), µ○κ is a version of homological mirror symmetry – µ○κ(L) is
isomorphic to the SYZ transformation of L, which takes an equivariant line bundle
and produces a Lagrangian in Fuk(T ∗MR;ΛΣ) as given in [2, 30].
DbCohT(X ) κÐ→DbShcc(MR;ΛΣ) µÐ→ Fuk(T ∗MR;ΛΣ).
Here we only explain the functor κ and µ ○ κ on the object level. Let l⃗ =
(l1, . . . , lr′) ∈ Zr′ . We say a line bundle L is Q-ample if certain postive powers
of it is a pullback of an ample line bundle on the coarse moduli X . Given a T-
equivariant Q-ample line bundle Ll⃗ = OX (∑r′i=1 liDi) on X , one can associate its
moment polytope
∆l⃗ = {u ∈MR∣⟨u, bi⟩ > −li}.
The Q-ampleness ensures that ∆l⃗ is a convex open polytope. The functor κ is
characterized by mapping the Q-ample line bundle Ll⃗ to i∆l⃗!ω∆l⃗ , where i∆l⃗ ∶∆l⃗ ↪
MR is the embedding and ω∆
l⃗
is the Verdier dual of the constant sheaf C∆
l⃗
on
∆l⃗. The constructible sheaf i∆l⃗∗C∆l⃗ is called the standard sheaf over ∆l⃗, while
its Verdier dual i∆
l⃗
!ω∆
l⃗
is called costandard sheaf. The microlocalization functor
µ takes the standard sheaf i∆
l⃗
∗C∆
l⃗
to the graph of d logm∆
l⃗
, where m∆
l⃗
is a
function on ∆¯l⃗ with m∆l⃗ ∣∂∆l⃗ = 0 and m∆l⃗ ∣∆l⃗ > 0. This graph d logm∆l⃗ is a standard
Lagrangian. The functor also takes the costandard sheaf i∆
l⃗
!ω∆
l⃗
to a costandard
Lagrangian which is the graph of −d logm∆
l⃗
.
PSfrag replacements
m = x(1 − x)
logm = logx + log(1 − x) d logm = dx
x
− dx
1−x
.
Figure 1. The graphs of m, logm and d logm of an open interval
U ⊂ R. The graph of d logm is the standard Lagrangian over U . If
X = P1, an ample line bundle OP1(aD1 + bD2) corresponds to the
costandard sheaf over (−a, b) under κ.
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3.2. Landau-Ginzburg B-model and oscillatory integrals. The symplectic
structure on T ∗MR only tackles the B-model information on X . In order to make
predictions on the Gromov-Witten invariants on X one needs to consider the com-
plex structure on the equivariant mirror Landau-Ginzburg model of X . In this
subsection, we first define such a Landau-Ginzburg model from the viewpoint of
complex geometry, which should be mirror to the A-model of X , and then identify
it with T ∗MR = NR ×MR.
We fix an integral basis e1, . . . , ek ∈ L and its dual basis e
∨
1 , . . . , e
∨
k in L
∨. We
require that each e∨a is in ÑefX , and e
∨
k′ , . . . , e
∨
k are in ∑ri=r′+1R≥0Di. Define the
charge vectors
l(a) = (l(a)1 , . . . , l(a)r ) ∈ Zr, ψ(ea) =
r
∑
i=1
l
(a)
i b̃i.
So
Di = ψ
∨(DTi ) =
k
∑
a=1
l
(a)
i e
∨
a, i = 1, . . . , r.
Define the Landau-Ginzburg B-model as follows
Yq = {(X1, . . . ,Xr) ∈ (C∗)r ∣
r
∏
i=1
X
l
(a)
i
i = qa, a = 1, . . . , k}.
Here q1, . . . , qk are complex parameters. We assume qa > 0 for all a. Apply the exact
functor Hom(−,C∗) to the short exact sequence (2) and we get
1→ Hom(N,C∗)→ (C∗)r pÐ→M = Hom(L,C∗) → 1.
We see that Yq = p−1(q) ≅ (C∗)k is a subtorus in (C∗)r. Here q = (q1, . . . , qk)
are coordinates on M. For any β ∈ K, denote qβ = ∏ka=1 q⟨β,e∨a⟩a . This notion may
involve factional powers as β ∈ K in which L is a sublattice.
Let u1, . . . , un be the coordinates on MR and v1, . . . , vn be the coordinates on
NR. Let yi = −vi + 2π
√−1ui and Yi = eyi . Then y1, . . . , yn are complex coordinates
on Ỹ = NR ×MR, while Y1, . . . , Yn are complex coordinates on Y = NR ×MR/M ≅
T ∗(MR/M).
We fix a splitting of the exact sequence (2) over rational numbers, i.e. we choose
a surjective map η ∶ ÑQ → LQ such that η(̃bi) = ∑ka=1 ηiaea (so e∨a = ∑ri=1 ηiaDi)
and ψ ○ η = id, where ηia ∈ Q. This splitting identifies Yq with Y = Hom(N,C∗) ≅
NR × (MR/M) as follows.
(8) Xi = q
′
iY
bi , Y bi =
n
∏
j=1
Y
bij
j , q
′
i =
k
∏
a=1
qηiaa .
Here bi = (bi1, . . . , bin) is the coordinate of bi in N . We also identifies Ỹq with
Ỹ = NR ×MR. We choose q′i > 0 as they may involve fractional powers of qa in (8).
Definition 3.3. The superpotential on Yq is
W =
r
∑
i=1
(t0 +Xi),
where t0 ∈ C is a parameter which plays the role of H
0-part on the A-side under
the mirror relation. This superpotential depends on t0 and q. We let q0 = e
t0 . The
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equivariant superpotential on Ỹq is
W̃ =W +
r
∑
i=1
wixi.
Here xi = logXi, and the equivariant parameters wi ∈ C.
Once we choose
xi =
k
∑
a=1
ηia log qa +
n
∑
j=1
bijyj,
the equivariant superpotential W̃ is well-defined on Ỹq . It depends on t0, log qa (we
can choose them in R since all qa > 0) and wi.
The following holomorphic form on Ỹ = NR ×MR
Ω =
dY1 . . . dYn
Y1 . . . Yn
is also a holomorphic form on Ỹq once we identify Ỹq with Ỹ. Let Wη and W̃η be
the function W and W̃ on Y and Ỹ respectively once we fix η. Consider a partial
compactification (T ∗MR)ΛΣ = T ∗MR ∪Λ∞Σ ⊂ T ∗MR. For any z > 0 and
Ξ ∈ Hn((T ∗MR)ΛΣ ,Λ∞Σ ;Z),
we define the integral
(9) IΞ ∶= ∫
Ξ
e−
W̃η
z Ω.
This definition a priori depends on the choice of η, which gives the identification of
Ỹq with Ỹ = NR ×MR. We have the following two propositions.
Proposition 3.4. The integral IΞ converges for any Ξ ∈ Hn((T ∗MR)ΛΣ ,Λ∞Σ ;Z)
and any choice of η.
Proof. For each τ ∈ Σ where τ is spanned by ρi, i ∈ I
′
τ , the linear Lagrangian
Λτ = ⋃
χ∈Mτ
(−τ) × τ⊥χ ,
is characterized by
Re(ybi) = − n∑
j=1
bijvj ≥ 0, Im(ybi) = 2π√−1
n
∑
j=1
bijuj ∈ 2π
√−1Z, i ∈ I ′τ ;
Re(ybi) = 0, i ∈ Iτ .
We view T ∗MR = NR ×MR as the interior part of the unit ball bundle T ∗MR under
the embedding map ρ. Then ρ∗e−
W̃
z is an analytic function on ρ(T ∗MR), and since
z > 0 it exponentially decays to zero near Λ∞τ – it can be extended to a neighborhood
Λ˜∞τ of Λ
∞
τ ⊂ T
∗MR for each τ , with value 0 on Λ˜∞τ ∖ ρ(T ∗MR). The differential
form ρ∗(e− W̃z Ω) can also be defined on this neighborhood. Thus denote
(T ∗MR)ΛΣ = T ∗MR ∪ ⋃
τ∈Σ
Λ˜∞τ .
The differential form e−
W̃
z Ω is a closed analytic form on this (T ∗MR)ΛΣ ⊂ T ∗MR,
and vanishes on the infinity boundary.
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Thus the integral can be evaluated as
IΞ = ∫
ρ(Ξ)
ρ∗(e− W̃z Ω).

PSfrag replacements
ΛΣ
Λ˜∞σ2Λ˜
∞
σ2
Λ˜∞σ2Λ˜
∞
σ2
Λ˜∞σ1 Λ˜
∞
σ1
Λ˜∞σ1Λ˜
∞
σ1
Figure 2. ΛΣ for P
1 (blue fishbone). Shaded half disks are Λ˜∞σ
on which W̃ can be extended. Here two 1-cones of P1 are σ1 = R≥0
and σ2 = R≤0.
Proposition 3.5. The integral IΞ is does not depend on the choice of η.
Proof. Let η1 and η2 be two splittings of the exact sequence (2). Then we have two
identifications of NR ×MR with Ỹq, and two sets of coordiantes {y1i } and {y2i } on
Ỹq. By (8) and the fact ηia ∈ Q, they are related by
y1i = y
2
i + ci, ci ∈ R.
The Calabi-Yau form Ω is invariant under this change of variables, and the cycle
Ξ is also invariant (they are related by a homotopy y1i = y
2
i + tci, t ∈ [0,1], which
preserves Λ∞
Σ
). 
Given a sheaf E ∈ Shcc(MR;ΛΣ), let
CC(E) ∈ H0SS(E)(MR;π−1ωMR) ⊂H0ΛΣ(MR;π−1ωMR)
be its characteristic cycle. This cycle represents an element inHn((T ∗MR)ΛΣ ,Λ∞Σ ;Z)
since SS(E) ⊂ Λ∞
Σ
. We still denote it by CC(E) by a slight abuse of notation. For
any coherent sheaf L ∈ CohT(X), define its mirror cycle to be
Ξ(L) ∶= CC(κ(L)).
We define the central charge of E as follows.
Definition 3.6 (A and B-model central charge).
IB(E) = ICC(E) = ∫
CC(E)
e−
W̃
z Ω,
IA(L) = IΞ(L) = ∫
CC(κ(L))
e−
W̃
z Ω.
Proposition 3.7. If E → F → G→ E[1] is an exact triangle, then
IB(F ) = IB(E) + IB(G).
Proof. It follows from CC(F ) = CC(E) +CC(G) [23, Proposition 9.4.5]. 
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We give a description of the characteristic cycle of the constructible sheaf cor-
responding to a Q-ample line bundle. Let Ll⃗ be a Q-ample line bundle. For each
cone τ ∈ Σ spanned by bi ∈ τ , it determines a face ∆τ (l⃗) ⊂∆l⃗ ⊂MR
∆τ (l⃗) = {u ∈MR∣⟨bi, u⟩ ≥ −li,∀bi ∉ τ ; ⟨bi, u⟩ = −li,∀bi ∈ τ}.
In particular, each top dimensional cone σ determines a vertex χ
σ
(l⃗) = ∆σ(l⃗) of
∆l⃗ =∆{0}(l⃗) ⊂MR. Then Ξ(Ll⃗) is the following
(10) Ξ(Ll⃗) = CC(κ(Ll⃗)) = CC(i∆l⃗!ω∆l⃗) = ∑
τ∈Σ
(−τ) ×∆τ (l⃗).
Remark 3.8. When Ll⃗ is an ample line bundle on a smooth complete toric manifoldX , one can follow the SYZ T-duality procedure as prescribed in [2, 30]. We recall
briefly what this procedure is here, and refer to [10] for more details in the toric
case.
Let X0 = X ∖ D∞, where D∞ = ∑ri=1Di is an anti-canonical divisor. Let sl⃗ be
a meromorphic section such that (sl⃗) = ∑ri=1 liDi. It is holomorphic on X0. A
TR-invariant hermitian metric h on the line bundle Ll⃗ defines the norm ∥sl⃗∥h as
TR-invariant function on X0. Let fl⃗ = − log ∥sl⃗∥h. Identify X0 = N ⊗Z C∗, where
v1, . . . , vn ∈ R and θ1, . . . , θn ∈ R/(2πZ) are coordinates on X0 such that they give
complex coordinates evi+
√−1θi . The TR-invariance of fl⃗ implies fl⃗ is a function of
v only. Define the SYZ dual brane by
SYZ(Ll⃗) = {(u, v) ∈MR ×NR ∶ uj =
∂fl⃗,h
∂vj
, j = 1, . . . , n} ⊂ Ỹ .
The resulting submanifold, as shown in [10], is a costandard Lagrangian on the open
set ∆l⃗ when Ll⃗ is ample. The results are isomorphic in the Fukaya category for
different choices of h. Moreover, for any costandard sheaf F , the result of [38] states
the characteristic cycle is the conical limit of the costandard Lagrangian µ(F)
CC(F) = lim
ǫ→0
ǫµ(F).
The integral on ǫSYZ(Ll⃗)
∫
ǫSYZ(L
l⃗
)
e−
W̃
z Ω
remains unchanged as ǫ → 0 since ǫSYZ(Ll⃗) = ǫµ ○ κ(Ll⃗) corresponds to the same
cycle in Hn((T ∗MR)ΛΣ ,Λ∞Σ ;Z). So
∫
SYZ(L
l⃗
)
e−
W̃
z Ω = IA(Ll⃗).
4. Oscillatory integrals and Picard-Fuchs equations
4.1. GKZ system. Following Iritani [22], define the H∗
CR,T̃
(X ;C)-valued equivari-
ant I-function as below.
Definition 4.1.
I T̃(q0, q, z) = e(t0+∑ka=1 tapT̃a)/z ∑
d∈Keff
qd
∏{m}={⟨Di,d⟩},m≤0(D¯T̃i +mz)
∏{m}={⟨Di,d⟩},m≤⟨Di,d⟩(D¯T̃i +mz)
1v(d),
where pT̃a = (c1)T̃(Le∨a), ta = log qa for a = 0, . . . , k.
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The pullbacks of I T̃ to torus fixed points in IX are functions such that the
oscillatory integral IΞ is a linear combination of them. Iritani has shown this in
[22], with slightly different symbols and set of parameters. We quote his arguments
and follow his notions, which lead to Proposition 4.2 in our notions. In the following
text, w1, . . . ,wr form a basis of H
∗
T̃
(pt) (A-model), and let w1, . . . ,wr, λ1, . . . , λr be
complex numbers (B-model). Notice that wi = −(c1)T̃(OP∞(−1)). Here we fix
H∗
T̃
(IX)-valued function (ρa = ∑ri=1 l(a)i )
H T̃(q, z) = (−1)nz−w1+⋅⋅⋅+wr2pi√−1 ∑
d∈Keff
∏ka=1( qazρa )
pT̃a
2pi
√
−1 qd1inv(v(d))
z⟨D1+⋅⋅⋅+Dr ,d⟩∏ri=1 Γ(1 + ⟨Di, d⟩ + D¯T̃i2π√−1)
.
Let ισ,v ∶ pσ,v ↪ IX be a T-fixed point. Then define
Hσ,v(q, z) = ι∗σ,vH T̃(q, z), Iσ,v(q, z) = ι∗σ,vI T̃(q0, q, z) ∈ M̃.
Comparing with Hσ,inv(v)∣wi=2π√−1wi/z with Iσ,v ∣wi=wi we find that
Hσ,inv(v)∣wi=2π√−1wi/z = cσ,v(z, t0,wi)Iσ,v ∣wi=wi
for z > 0, where t0 ∈ C and generic wi ∈ C.
In [22, Lemma 4.19], because Hσ,v are fundamental solutions to a GKZ system,
the following integral can be expressed as a linear combination where z > 0, t0 ∈ C,
generic wi ∈ C and 0 < qa < ǫ for some ǫ > 0
∫
Ξ
e
−
W
z
−
λ1+⋅⋅⋅+λr
2pi
√
−1 Ω = e
−t0
z ∑
(σ,v)
bσ,v(λi)Hσ,v(q,−z)∣wi=λi ,
Setting λi =
2π
√
−1wi
z
, we have the following proposition, where hσ,v(z, t0,wi) =
cσ,v(−z, t0,wi)bσ,inv(v).
Proposition 4.2. For z > 0, t0 ∈ C, generic wi ∈ C and 0 < qa < ǫ with some ǫ > 0,
IΞ = ∑
(σ,v)
hσ,v(z, t0,wi)Iσ,v(q,−z)∣wi=wi .
4.2. Fixing the coefficients. For any T-equivariant line bundle L on X , define
Lv = (pr∗L)∣Xv . The stabilizer of Xv acts on the orbifold line bundle Lv on Xv by
exp(2π√−1f), where the rational number 0 ≤ f < 1, called the age of Lv along Xv.
We denote the age of Lv along Xv by agev(L). We define the following characteristic
classes in H∗
T̃
(IX) (L is also T̃-equivariant since the action of T̃ factors through T)
c̃hz(L) = ⊕
v∈Box
e2π
√
−1(− (c1)T̃(Lv)
z
+agev(L)),(11)
Γ̃z(L) = ⊕
v∈Box
z
(c1)T̃(Lv)
z
+1−agev(L)Γ((c1)T̃(Lv)
z
+ 1 − agev(L)).(12)
We understand these classes as series of cohomology classes. In particular we ex-
pand the Gamma function at 1 − agev(L) > 0. We extend these classes to any
E ∈ DbCohT(X) via
c̃hz(E) = c̃hz(E1) + c̃hz(E2),(13)
Γ̃z(E) = Γ̃z(E1)Γ̃z(E2),
for any exact triangle E1 → E → E2 → E1[1].
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Let σ be a top-dimensional cone, and write bj = ∑bi∈σ sijbi. Then we have
Di = −∑bj∉σ sijDj. The T̃-equivariant Chern roots of ι∗σ,vTX are −w̃i for bi ∈ σ
where
w̃i = wi + ∑
bj∉σ
sijwj.
We also define complex numbers
w̃i = wi + ∑
bj∉σ
sijwj .
Let Ll⃗ be an ample line bundle, σ be a top dimensional cone, and v0 ∈ σ. Define
the piecewise Lagrangian for t ≥ 0
(14) Ξσ,t(Ll⃗) = Ξ(Ll⃗) + tv0 = ∑
τ∈Σ
(−τ + tv0) ×∆τ(l⃗).
This Lagrangian is not conical for t ≠ 0. They are all homotopic to each other, and
corresponds to the same element in Hn((T ∗MR)ΛΣ ,Λ∞Σ ;Z).
For a given top dimensional cone σ, there is a uniquely determined ησ such
that ησ (̃bi) = 0, i.e. ησ,ia = 0 for bi ∈ σ. By the fact that each e∨a ∈ Ñefσ and
e∨a = ∑ri=1 ησ,iaDi, we know each ησ,ia > 0 for bi ∉ σ. So each q′ησ ,i = ∏ka=1 qησ,iaa for
bi ∉ σ, and limq→0 q′ησ = 0. This limit is called the large radius limit when X is a
smooth manifold.
For this σ and ησ, we define
Xσi =Xi = Y
bi , bi ∈ σ; X
σ
i = Y
bi , bi ∉ σ.
The superpotential and the equivariantly perturbed superpotential are
Wη = ∑
bi∈σ
Xi + ∑
bi∉σ
Xi = ∑
bi∈σ
Xσi + ∑
bi∉σ
q′ησ ,iX
σ
i ,
W̃η =Wη +
r∑
i=1
wixi.
We list a simple fact as a lemma, which we will use several times.
Lemma 4.3. For a top dimensional cone σ and any given A ≫ 0, we are able to
choose w1, . . . ,wr in an open region in C
r such that Rew̃i < −A, bi ∈ σ.
Proof. Let Rewi ≪ 0 for bi ∈ σ while keeping wi bounded for bi ∉ σ. 
The map ν defined in Equation (5) identifies Kσ/L with Box(σ). Since we have
fixed an integral basis e1, . . . , ek of L, this ν identifies {∑ki=1 tiei∣0 ≤ ti < 1} ∩ Kσ
with Box(σ). In the rest of this section we regard any v ∈ Box(σ) as an element in
Keff,σ.
Proposition 4.4. For any line bundle Ll⃗, the coefficients in the decomposition of
IA(Ll⃗) in Proposition 4.2 are (notice that hσ,v do no depend on t0)
hσ,v(z,wi) = ι
∗
σ,v (inv∗(Γ̃z(TX)c̃hz(Ll⃗))) ∣wi=wi
∣Gσ ∣(ι∗σ,veT̃(TIX))∣wi=wi .
Proof. We just need to prove this statement for ample line bundle Ll⃗. The propo-
sition then follows from the additivity of c̃h (Equation 13) and characteristic cycles
(Proposition 3.7), together with the fact that T-equivariant Q-ample line bundles
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generate the equivariant K-group and the derived category DbCohT(X). Since the
choice of η does not affect the integral IΞ(L
l⃗
), we simply need to consider
∫
Ξ(L
l⃗
)
e−
W̃ησ
z Ω.
In this proof, the symbols O() and o() concern the limit q → 0. We have
∣Gσ ∣e t0z ∏
j∉σ
(q′ησ ,j)
wj
z ∫
Ξ(L
l⃗
)
e−
W̃η
z Ω = ∫
Ξ(L
l⃗
)
e−
∑bi∈σ Xi
z
−
∑bi∉σ Xi
z
r
∏
i=1
(Xσi )−wiz ∏
bi∈σ
dXσi
Xσi
=∫
Ξσ,t(Ll⃗)
e−
∑bi∈σ Xi
z
−
∑bi∉σ Xi
z
r
∏
i=1
(Xσi )−wiz ∏
bi∈σ
dXσi
Xσi
.
Suppose N > 0, and let f(q1, . . . , qa) be a function of q ∈ (R>0)r. We say f(q) = ON
if f(tq1, . . . , tqa) = O(tN) as t→ 0. Consider the expansion
e−
∑bi∉σ X
σ
i
z
r
∏
i=1
(Xσi )−wiz −1 = ∑
β∈Keff,σ
∏
bi/∈σ
qβ
⟨β,Di⟩!(−z)⟨β,Di⟩ ∏bi∈σ(X
σ
i )−⟨β,Di⟩− w̃iz −1
= ∑
β∈Keff,σ,∣β∣≤N
∏
bi/∈σ
qβ
⟨β,Di⟩!(−z)⟨β,Di⟩ ∏bi∈σ(X
σ
i )−⟨β,Di⟩− w̃iz −1 + f(q,Xσ,wi).
Here the remaining terms f(q,Xσ,wi), and ∣β∣ ≤ N denotes the condition∑ai=1⟨β, e∨a⟩ ≤
N .
We first choose an N ≫ 0, and by Lemma 4.3, we choose wi such that Re(− w̃iz ) >
N + 1. We have
∫
Ξσ,t(Ll⃗)
e−
∑bi∈σ Xi
z
−
∑bi∉σ Xi
z
r
∏
i=1
(Xσi )−wiz ∏
bi∈σ
dXσi
Xσi
=∫
Ξσ,t(Ll⃗)
e−
∑bi∈σ X
σ
i
z ( ∑
β∈Box(σ)
qβ∏bi∈σ(Xσi )−⟨β,Di⟩− w̃iz −1
∏bi/∈σ⟨β,Di⟩!(−z)⟨β,Di⟩ )∏bi∈σ dX
σ
i
+ ∫
Ξσ,t(Ll⃗)
e−
∑bi∈σ X
σ
i
z f(q,Xσ,wi)∏
bi∈σ
dXσi
= ∑
β∈Keff,σ ,∣β∣≤N
∏
bi∉σ
qβ
⟨β,Di⟩!(−z)⟨β,Di⟩ ∏bi∈σ
Γ(−⟨β,Di⟩ − w̃iz )
z⟨β,Di⟩+
w̃i
z
e−2π
√
−1(−⟨β,Di⟩− w̃iz )li +ON .
In the computation above, the first two expressions do not depend on the value of
t. So taking t→∞, the first integral on the second expression becomes an integral
on NR × χ
σ
(l⃗) – the Gamma function evaluates this integral. While the second
integral on the second expression produces the ON term since f(q,Xσ,wi) = ON .
We compute the pull-back of the I-function to pσ′,v where v ∈ Box(σ′) for any
top dimensional cone σ′. Note that
ι∗σ,vD¯
T̃
i = −w̃i, bi ∈ σ,
while
ι∗σ′,v
⎛
⎝
k
∏
a=1
q
pT̃a
z
a
⎞
⎠ = ∏bj∉σ′ q
′
wj
z
ησ′ ,j
, ∏
bi∉σ
q
′
wi
z
ησ,i
= ∏
bj∉σ∪σ′
q
′
wj
z
ησ′ ,j
∏
bj∈(σ∖σ′)
q
′−
∑bi∉σ sijwi
z
ησ′ ,j
.
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We compute:
Iσ,v(q,−z)∣wi=wi
=e−
t0
z ∏
bj∉σ
(q′ησ,j)−
wj
z
⎛
⎝
qv
∏bi∉σ⟨v,Di⟩!(−z)⟨v,Di⟩ ∏bi∈σ
1
(−z)⌈⟨v,Di⟩⌉(⟨v,Di⟩ + w̃iz )⌈⟨v,Di⟩⌉
+ qvO1⎞⎠ ,
Iσ′,v(q,−z)∣wi=wi = e− t0z ∏
bj∉σ′
(q′ησ′ ,j)−
wj
z (O(qv)) , σ′ ≠ σ.
Here we adopt the Pochhammer symbol (a)b = Γ(a)/Γ(a − b + 1). Then
∣Gσ ∣e t0z ∏
bi∉σ
(q′ησ ,i)
wi
z Iσ,v(q,−z)∣wi=wi
=
qv
∏bi∉σ⟨v,Di⟩!(−z)⟨v,Di⟩ ∏bi∈σ
1
(−z)⌈⟨v,Di⟩⌉(⟨v,Di⟩ + −w̃i
−z
)⌈v,Di⌉ + q
vO1,
∣Gσ ∣e t0z ∏
bi∉σ
(q′ησ ,i)
wi
z Iσ′,v(q,−z)∣wi=wi = ∏
bj∈(σ∖σ′)
q
′−
wj+∑bi∉σ sijwi
z
ησ′ ,j
O(1).
We further choose w1, . . . ,wr such that Rew̃i < −max{A,N} for each bi ∈ σ by
Lemma 4.3. Here A = A(N) is sufficiently large such that for any σ′ ≠ σ and
bi ∈ (σ ∖σ′), q′−
w̃i
z
ησ′ ,i
= qβ, and ∣β∣ > N. Comparing with the coefficients of Iσ,v(q,−z),
we find that
hσ,v(z,wi) = 1∣Gσ ∣ ∏bi∈σ z
−
w̃i
z
+{−⟨v,Di⟩}Γ(−w̃i
z
+ {−⟨v,Di⟩})e−2π
√
−1(−⟨v,Di⟩− w̃iz )li
=
ι∗σ,v (inv∗(Γ̃z(TX)c̃hz(Ll⃗))) ∣wi=wi
∣Gσ ∣(ι∗σ,veT̃(TIX))∣wi=wi .
Here (c1)T̃(Ll⃗) = −∑i∈σ liw̃i, and agev(Ll⃗) =∑bi∈σ{−⟨v,Di⟩}li. 
PSfrag replacements
MR ≅ R
NR ≅ R
−∞− 2l1pi
√−1
∞+ 2l2pi
√−1
Figure 3. The characteristic cycle (blue) CC(OP1(l1D1 + l2D2))
and the SYZ dual of the same line bundle (red). They live in
T ∗MR ≅NR ×MR.
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Example 4.5 ([12]). X = P1, σ1 = σ = R≥0, σ2 = R≤0, W̃ησ = X1 + qX1 +w1 logX1 +
w2 log
q
X1
. Let Ll⃗ =O(l1D1 + l2D2). When q → 0,
et0/zqw2/z ∫
Ξ(L
l⃗
)
e−W̃ησ /zΩ = ∫
Ξ(L
l⃗
)
e−
X1
z e
−
q
zX1 X
(w1−w2)/z
1 dX1/X1
→ z w2−w1z Γ(w2 −w1
z
)e 2pi
√
−1l1(w2−w1)
z = ι∗σ(Γ̃z(TX)c̃h(Ll⃗))wi=wi .
Thus
hσ1 = z
w2−w1
z Γ(w2 −w1
z
)e 2pi
√
−1l1(w2−w1)
z .
Similarly
hσ2 = z
w1−w2
z Γ(w1 −w2
z
)e 2pi
√
−1l2(w1−w2)
z .
Comparing to the notion of [12], D1 = p2 and D2 = p1 for p1, p2 defined in [12].
Example 4.6. X is a semi-positive smooth projective toric variety.
lim
q→0
et0/z∏
j∉σ
(q′ησ ,j)
wj
z ∫
Ξ(L
l⃗
)
e−
W̃ησ
z Ω =∏
i∈σ
z−
w̃i
z Γ(− w̃i
z
)e2π√−1 w̃iz li = Γ̃z(TX)c̃hz(L),
lim
q→0
ι∗σ
⎛
⎝e
t0/z∏
j∉σ
q
′
pT̃
j
z
ησ ,j
I T̃(q0, q,−z)⎞⎠ = 1,
∫
Ξ(L
l⃗
)
e−
W̃
z Ω =∑
σ
ι∗σ(Γ̃z(TX)c̃hz(L)I T̃(q0, q,−z))∣wi=wi .
5. Mirror theorem and Gromov-Witten potentials
Definition 5.1. Let X be a complete toric orbifold. We define genus g, degree
d ∈ H2(X ;Z), T̃-equivariant descendant Gromov-Witten invariants of X as
⟨τa1(γ1) . . . τan(γn)⟩Xg,n,d = ⟨γ1ψa11 . . . γnψann ⟩Xg,n,d = ∫
[Mg,n(X ;d)]vir
n
∏
j=1
ψ
aj
j ev
∗
j (γj) ∈ C[w],
where γi ∈ H
∗
CR,T̃
(X) and evj ∶ M(X ;d) → IX is the j-th evaluation map. Let
τ ∈H≤2
CR,T̃
(X ;C). We also define
⟪τa1(γ1), . . . , τan(γn)⟫Xg,n = ⟪γ1ψa11 , . . . , γnψann ⟫Xg,n
= ∑
d≥0
∞
∑
ℓ=0
1
ℓ!
⟨τa1(γ1), . . . , τan(γn), τ0(τ), . . . , τ0(τ )´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
ℓ times
⟩Xg,n+ℓ,d.
We do not use Novikov variables since the convergence issue regarding eτ is
resolved in [8,21], or after invoking the mirror theorem and the oscillatory integral
expression of the I-function. For the semi-positive X , we quote the equivariant
mirror theorem of toric stacks as below.
Theorem 5.2 (Coates–Corti–Iritani–Tseng [7], Cheong–Ciocan-Fontanine–Kim
[6]). Let φα be a basis of H
∗
CR,T̃
(X ;C) and φα be its dual.
⟪ φα
z(z − ψ)⟫
X
0,1φ
α
= I T̃(q0, q, z),
under the mirror map
τ = τ(q0, q, z).
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Here we understand ⟪ φα
z(z−ψ)
⟫X0,1 as a power series in z−1. The mirror map is the
coefficient of the z−1-term in the expansion of I T̃:
I T̃(q0, q, z) = 1 + τ (q0, q)
z
+ o(z−1).
Define
φσ,v =
ισ,v∗1
e
T̃
(Tpσ,vIX) .
By the equivariant Atiyah-Bott localization, for any class α ∈H∗
CR,T̃
(X ;C),
α =∑
σ,v
(ι∗σ,vα)φσ,v.
Let φσ,v be the dual basis to φσ,v, and we have
φσ,inv(v) = ∣Gσ ∣eT̃(Tpσ,vIX)φσ,v.
Theorem 5.3. For any T-equivariant coherent sheaf E on X , we define κ(E) =
Γ̃z(TX)c̃hz(E). Then for generic wi ∈ C, z > 0 and 0 < qa < ǫ where some small
ǫ > 0
IA(E) = ∫
Ξ(E)
e−
W̃
z Ω = ⟪ κ(E)
z(z +ψ)⟫
X
0,1∣wi=wi .
Proof. We only need to prove this theorem when E = Ll⃗ since line bundles generates
the equivariant K-group. Since
I T̃(q0, q,−z) =∑
σ,v
(ι∗σ,vI T̃(q0, q,−z))φσ,v,
we know that
⟪ φσ,v
z(z +ψ)⟫
X
0,1 = ι
∗
σ,vI
T̃(q0, q,−z).
Then
IA(Ll⃗) =∑
σ,v
hσ,v(z,wi)ι∗σ,vI T̃(q0, q,−z)∣wi=wi
=∑
σ,v
⟪ ι
∗
σ,v(inv∗(Γ̃z(TX)c̃hz(Ll⃗)))∣wi=wiφσ,v
∣Gσ ∣(ι∗σ,v(eT̃(TIX)))wi=wiz(z +ψ) ⟫
X
0,1∣wi=wi
=∑
σ,v
⟪ ι
∗
σ,v(inv∗(Γ̃z(TX)c̃hz(Ll⃗)))∣wi=wiφσ,inv(v)eT̃(Tpσ,inv(v)IX)
(ι∗σ,v(eT̃(TIX)))wi=wiz(z +ψ) ⟫
X
0,1∣wi=wi
= ⟪ Γ̃z(TX)c̃hz(Ll⃗)
z(z + ψ) ⟫
X
0,1∣wi=wi .

Remark 5.4. By Remark 3.8, we have the following when L is an ample line
bundle on smooth X .
∫
SYZ(L)
e−W̃ /zΩ = ⟪ κ(L)
z(z + ψ)⟫
X
0,1∣wi=wi .
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